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Abstract 
Generalized L-R type fuzzy nwnber is applied on data 
analysis, artificial intelligence, and decision making 
widely. Since the graded value of membership function is 
the spirit of fuzzy set, fuzzy number, or fuzzy logic etc .. 
graded mean integration representation based on graded 
mean h-level values of generalized L-R type fUzzy nwnber 
is introduced for representing the generalized L-R type 
fuzzy number. We propose a new method of ranking 
generalized L-R type fUzzy nwnber by using graded mean 
integration representation, and prove some ranking 
properties. The distance measure of generalized L-R type 
fUzzy number by using graded mean integration 
representation is presented, and we show some distance 
properties. In addition, a new similarity measure of 
generalized L-R type fuzzy number based on a graded 
mean integration representation distance is proposed, and 
some similarity relations are proven, too. Moreover, 
some fuzzy nwnbers are given to compare our new 
methods with several different methods for representation, 
ranking, and distance of generalized L-R type fuzzy 
numbers. It shows that our graded mean integration 
representation method not only improve some drawbacks 
of the existing methods, but also meet the classical 
representation, ranking, and distance meaning in the field 
of real nwnber system. 

Keywords: Fuzzy Number; Representation; 
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1. Introduction 
Most decision making cases, the datum obtained for 
decision maker are fuzziness. In 1965, Zadeh (31] 
introduced the concept of fuzzy set theory to solve those 
problems. In i978, Dubois and Prade (13j defined any 
one of the fuzzy nwnber as a fuzzy subset of the real line. 
ln 1980, Adamo [l] and in 1989, Campos et al. (3] 
discussed a-preference of fuzzy number for representing 
fuzzy number. In 1981, Yager [29] discussed two indexes 
of fuzzy number that included center of gravity of fuzzy 
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nwnber and mean value of fuzzy number. ln 1988, 
Kaufinann et al. (21] and in 1997, Chen [10] used average 
of four vertex values of trapezoidal fuzzy number to 
represent trapezoidal fuzzy nwnber. In 1988, Lee et al. 
[24] proposed both the mean and dispersion of alternatives, 
and give two groups of indices based on the uniform and 
the proportional probability distributions. In 1992, Liou 
et al. [25] proposed total integral value generated by the 
left and right integral value of fuzzy number for 
representing the fuzzy number. In 1997, Heilpem [16] 
presented the notions of the expected value based on the 
lower and upper expected values of fuzzy number. In 
1998, Delgado et al. [12] proposed a representing method 
combined by a reducing fimction and the interval ofr-cuts 
of fuzzy nwnber. ln this paper, graded mean integration 
representation uses "grade" as weight of the average of left 
and right h-Ievel values of generalized L-R type fuzzy 
nwnber to represent the generalized L-R type fuzzy 
number. Furthermore, we derive formulae for calculating 
the representation of generalized trapezoidal fuzzy number 
and generalized triangular fuzzy number. 
In decision science, ranking fuzzy numbers is a very 
important procedure for decision making in a fuzzy 
environment. Many fuzzy ranking methods have been 
proposed in the literature. In 1976 and 1977, Jain [14, 15] 
proposed a method by using the concept of maximizing set 
to order fuzzy numbers. In 1980, Adamo [1] introduced a 
ranking method with a-preference of fuzzy sets. ln 1981, 
Yager (29] proposed a method of ranking fuzzy numbers 
by using center of gravity of fuzzy nwnbers or by mean 
value o£ In 1985, Chen [8] introduced ranking fuzzy 
numbers with total utility values based on Maximizing set 
and Minimizing set. In 1988, Lee et al. [24] considered 
the order of fuzzy nwnbers are determined based on both 
the mean and dispersion of alternatives and two groups of 
indices based on the uniform and the proportional 
probability distributions. In 1989, Buckley [2] discussed 
fuzzy ranking of fuzzy numbers based on interval of a-cuts 
of fuzzy number. In 1989, Campos et al. [3] discussed a 
ranking rule by using Adamo's a-preference of fuzzy 
number [1]. ln 1989, Tseng et al. [28] designed an 
algorithm to rank any number of fuzzy nwnbers. In 1990, 
Kim et al. [22] suggested a method combined by 
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maximizing possibility and minimizing possibility with an 
index of optimism kin [0, I] for comparing fuzzy numbers. 
However, when the index of optimism k equal to 0.5, the 
method of Kirn et al. and the method of Cben's [9] are the 
same. In I990, McCahon et al. [26) proposed the 
proportion of fuzzy number ranking procedure measures 
the fuzzy number under comparison with the fuzzy ideas 
of max and min. I992, Liou et al. [25] proposed a ranking 
method generated by the left and right integral values of 
fuzzy number. In 1994, emphasis is placed on the 
classification and comparison of some ranking methods in 
(Chang and Lee [4]). In 1997, Heilpem [16] introduced a 
method induced by a distance and a horizon set for ranking 
two fuzzy numbers. In I998, Cheng [11] proposed a 
ranking function by distance index based on original point 
and the centroid point (Xo. y0) of fuzzy number. Now, we 
present a method of ranking generalized fuzzy number by 
using graded mean integration representation of 
generalized fuzzy number. 
In 1991, Kaufmann et al. [2I] considered a distance of two 
fuzzy numbers combined by the interval of a-cuts of fuzzy 
number. In I997, Heilpern [16] proposed three 
definitions of the distance between two fuzzy numbers. 
These include (1) mean distance method that is generated 
by expect values of fuzzy number, (2) distance method that 
is combined by a Minkowski distance and the h-levels of 
the closed intervals of fuzzy number, and (3) geometrical 
distance method that is based on the geometrical operation 
of trapezoidal fuzzy numbers in the case of trapezoidal 
fuzzy number. In this paper, the distance between two 
generalized L-R type fuzzy numbers based on the absolute 
value of difference of the graded mean integration 
representations of two generalized L-R type fuzzy numbers 
is introduced. 
In 1971, Zadeh [30] introduced similarity relation to 
specify the degree of similarity between elements of a 
universe. In I997, Kolesarova (23] proposed coefficient 
similarity of fuzzy numbers by using the concept of 
similarity to consider the similar degree of two 
membership functions in geometrical sense. Here, we 
present a new similarity of generalized L-R type fuzzy 
number by using a graded mean integration representation 
distance. 

2. Representation of 
fuzzy number 

2.1 Graded mean 
representation 

L-R type 

integration 

In general, a generalized L-R type fuzzy number A is 
described as any fuzzy subset of the real line R., whose 
membership function J.1A satisfies the following conditions. 

(1) J.lA is a continuous mapping from R to the 

closed interval (0, I] , 
(2) J.lA(X)=O, -<Xl <X ::;; C, 
(3) J.1A(x)=L(x) is strictly increasing on [c, a] , 
( 4) J.1A(x)=w, a::;; x ::;; b, 

Australian Journal of Intelligent Processing Systems 

(5) J.1A(x)=R(x) is strictly decreasing on [b, d], 
(6) J.1A(x)=0, d::;; X< oo, 

where O<w$1, and a, b, c, d are real numbers. This 
generalized L-R type fuzzy number is denoted as A= (c, a, 
b, d; w>t.R. When w=l , we denote A= (c, a, b, dh.R. 
When one say "greater or less than 1000", but has 90% of 
confidence only. We can give w=0.9. 

Let L-
1 and R-

1 
be the inverse functions of the functions L 

and R, respectively. Then the graded mean h-level value 
of generalized L-R type fuzzy number A=(c, a, b, d; wh.R 
is h[L-1(h)+R-1(h)]/2 as in Figure 1. 

Now, we define the representation of a generalized L-R 
type fuzzy number based on the integration value of 
graded mean h-levels as follow. 

Defmition 1: Let A= Jc, a, b, -~; w)LR be a generalized L·R 
type fuzzy number, L and R be the inverse functions of 
the functions L and R respectively. Then the 
representation of A is 

P(A) = rh (kL-
1
(h)+(l-k)R-

1
(b)) dhl r hdh, 

where his between 0 and w, O<w::;;I , 0 ~ k :$ I,. We call 

P(A) as graded k-preference integration representation of 

fuzzy number A. 

Remark 1: When k=l/2 in Definition 1 then we call P(A) 

as graded mean integration representation of A. The value 

of k depended on the preference of decision maker. But we 

prefer k= 112, since it does not bias to left or right. 
-1 -1 

Remark l: When L (h) or R (h) does not exist, or 

w L-1(h)+R-1(h) r h( ) dh cannot integrate, we can divide Jo 2 

[0, w] into n equal intervals, and let 

Ln i -1 i -1 i 
P(A)=[ w(-)(L (w-)+R (w - ))/2]/ 

n n n 
i=l 

n . L w(~). 
i=l 

Remark 3: From definition of generalized L-R type fuzzy 
number in Definition 1, we restrict -oo<c::;;a::;;b::;;d<oo. 

2.2 The graded mean integration 
representation of trapezoidal fuzzy 
number, and triangular fuzzy number 
In this paper, generalized trapezoidal fuzzy number and 
generalized triangular fuzzy number are denoted as ( c, a, b, 
d; w) and (c, a, d; w) respectively. Now, we 1Iy to find 
the general formulae for the representation of generalized 
trapezoidal fuzzy number, and generalized triangular fuzzy 
number. 
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First, suppose the membership function of A= (c, a, b, d; 
w) is 

w(~). 
a- c 

fA(x) = 
w, 

w(~), 
b-d 

0, 

Since, 

L(x) = w(~), 
8-C 

x-d R(x) = w(-- ), 
b-d 

c!>x!>a, 

a!>xs;b, 

bsxsd, 

otherwise. 

c~x~a,and 

b~x~d, 

then 
·I 

L (h)=c+(a-c)hlw, O~h~w. 
-I 

R (h)= d- (d- b)h/w, O~h ~ w, 

The graded k-preference integration representation of A is 

Plc( A) 

= rh (k:L-
1 
(h)+(l-k)R-

1
(h)) db I rh db 

=[k(c+2a)+(I-k)(2b+d)]l3. 

When k= 112 then the graded mean integration 
representation of A is 
P(A) 

= J wh ( c+d+(a-c-d+b)hlw) dhiJ whdh 
0 2 0 

c + 2a + 2b + d 
6 

(I) 

(2) 

The generalized triangular fuzzy number Y=(c, a, d; w) is a 
special case of generalized trapezoidal fuzzy number when 
b=a Therefore the graded mean integration 
representation ofY becomes 

P(Y) 
c+4a+d 

6 

2.3 Comparison 

(3) 

Now, we choose some famous methods for representing 
normal trapezoidal fuzzy number A = (c, a, b, d), or 
generalized trapezoidal fuzzy number A = ( c, a, b, d; w) in 
(1, 3, 10, 12, 16, 21, 24, 25, 28) as follows. 
In 1980, Adamo and in 1989, Campos et al. have discussed 
the k-preference index Fk of fuzzy number as 
Fk(A) = kb + (1-k)d, (4) 
where level ke[O, I]. 
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In 1981, Yager has discussed two indexes of fuzzy number 
A as foUows. 
First, the center of gravity of A is 

I,(A)= J: g(x)JJ.A(x)dx I J: JlA(x)dx, (5) 

where the weight g(x) is a measure of the importance of 
the valuex. 
Second, the other index of A is 

(6) 

where ct.n.x= hgt(A), [ar.<">, ~<"1 is the a-level set of A, 
and M[ar.<a>, ~<a>] is the mean value of the element of that 
a-level. 
In 1988, Kaufmann et al. and in 1997, Chen have 
discussed a defuzzification method for A as 

(c+a+b+d)l4. (7) 

In 1988, Lee et al. considered both the mean and standard 
deviation (dispersion) of a fuzzy event, and give two 
probability measure based on the uniform and proportional 
probability distribution. First, the probability density 
function for uniform distribution is 

ftx)=dp I dx = 1/IAI, 
where p is a probability measure. 
Then the mean of fuzzy number A is 

m,(A)= J A XJ!A(x) dx I J A JlA(x) dx, 

and the dispersion of A is 

G,(A)= [ J A ~JlA(x) dx I 

J 
Ill 

A J.LA(X) dx- m.?( A)) . 

(8) 

(9) 

Second, the probability density fimction for proportional 
distribution is 

f(x)=dp I dx = CJ.tA(x), 

where c is the proportional constant. 
Then the mean of fuzzy number A is 

ffip(A)= I A XJ.tA2(x) dx I I A JJ./(x) dx, 

and the dispersion of A is 

Gp(A~ [I A x2JJ.A2(x) dx I 

I 2 2 In JlA (x) dx - mp (A)) . 
A 

(10) 

(11) 

In 1992, Liou et al. have defmed the total integral value of 
a-cuts of A. The right and left membership function of A 
are f and f , and the inverse function of f and f are gL 
and !f respectively. The left and right integral value of A 
are 
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MA)= J; gR (wy) dy. 

Then, the total integral value with index of optimism a is 
defined as 

h"(A) = aiR(A) +(l-a.) k(A), (12) 

where ae[O, 1]. 
In 1997, Heilpem has given the notion of the expected 
value of A The lower and upper eJo..-pected values of A are 

E.( A) = a--L: L(x) dx and E* (A) 

= b+ J: R(x) dx. 

Then, the expected value of A is 

EV(A) = (E.( A) + E\A)) I 2. (13) 

In 1998, Delgado et al. have discussed value of fuzzy 
number as 

V.(A) = J; s(a)[l(a) + r(a)] da, (14) 

where s: [0, 1]--).[0, 1] is a reducing function, and [I( a), 
r(a)] is the interval of a-cut of fuzzy number A 
In order to simplify the calculation, we derive the formulae 
of the above representation methods for normal fuzzy 
number, generalized trapezoidal fuzzy number, and 
generalized triangular fuzzy number. We summarize these 
in Table I. 

Some of fuzzy numbers shown in table II are used for 
comparisonof our new graded mean representation with 
the above methods. The corresponding diagram of fuzzy 
numbers are shown in Figure 2. We calculate the 
representation values of fuzzy numbers with the formulae 
in Table I and the datum in Table II by a computer program, 
and summarize the results in Table Ill 

From Table Ill and referring to Table I and Figure 2, we 
can see that 

l. The methods of both Adamo and Campos et al., Yager 's 
center of gravity method, the methods of both Chen and 
Kaufmann et al., Heilpern's expected value method, and 
the method ofDelgado et al. do not consider generalized 
fuzzy numbers with case ofO<w<1, but our new method 
can treat generalized L-R type fuzzy numbers. 

2. The methods of both Adamo and Carnpos et al. only 
discussed the right-shape of membership function of 
fuzzy number, and did not consider the difference of the 
left-shape of membership fimction of fuzzy number. 
Therefore the representations of triangular fuzzy number 
F and G are equal. However, our method shows that F 
>G 

3. Yager's center of gravity method and the method of Lee 
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et al. cannot represent the case of trapezoidal fuzzy 
number (r, r, r, r) such as D and E, because the 
denominator becomes zero when we calculate center of 
gravity of fuzzy number by formula (5), {8), and (1 0). 
But our new method shows that the graded mean 
integration representation values of D and E are 5 and 6 
respectively, our method meets the classical meaning. 

4. The representation of the method of Delgado et al. with 
s(r)=r is identical with our new method for trapezoidal 
fuzzy number and triangular fuzzy number when w=1. 
However, our graded mean integration representation 
has different original concept. In addition, Delgado et 
al. did not consider the representation of generalized L-R 
type fuzzy number with O<w<l. 

5. Although Yager's mean method with llmax, and the 
method of Liou et al. consider the representation of 
generalized fuzzy number. The representation value of J 
(9.45) by Yager's mean method looks bias to left. The 
method of Liou et al. with a=O. 3 and a=O. 9 is 10.1 and 
11.3 respectively, these show that the representation of 
fuzzy number sometimes bias to left, or right depend on 
a. However, our graded mean integration 
representation value ofJ is 10.5. 

3. Ranking L-R type fuzzy numbers 
with graded mean (k=1/2) 
integration representation 
Now the ranking method based on graded mean integration 
representation of generalized L-R type fuzzy number is 
introduced. We call this new method as graded mean 
integration representation ranking method. 

Definition 2: Suppose A and B are two generalized L-R 
type fuzzy numbers, and P(A) and P(B) are the graded 
mean integration representation of A and B respectively. 
Then A is greater than B, denoted A> B, if and only if, 
P(A) > P(B). 

Definition 3: Suppose A and B are two generalized fuzzy 
numbers, and P(A) and P(B) are the graded mean 
integration representation of A and B respectively. Then 
A is equal to B, denoted A= B, if and only if, P(A) = P(B). 

Property 1: Suppose there are n alternative generalized 
L-R type fuzzy numbers, and let F = {A; I i=l, 2, ···, n}. 
Then F is an inductive order set with the fuzzy order ~ 

Proof. (F, ~)is a partially ordered set, if and only if 
(i) A;~ Aj or A_;~ A;, V A;, A_;eF, 
(ii) if A; ~ A;, and Ai ~ A;, 

then A; = Aj, V A;, A; E F, 
(iii) if A;~ Aj, and Aj ~At., 

then A; ~ A.c, V A;, A;. A.c EF. 

To prove (i), for any A;, AjEF, then 
Either P(A;);;:1>(Aj) or P(A;~P(A;), these imply that either 
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A; ~A;, or Aj ~ ~ hold by Definition 2 and 3. 
To prove (ii), since A; ~ A;, and A; ~ ~ then 
P(AJ:<::P(Aj) and P(Aj~P(A;), these imply P(A;)=P(A;) that 
is A; =A;. 
To prove (iii), since ~ ~ A;, and A; ~ ~. then 
P(AJ>_p(A;) and P(A;):<::P(AJ, these imply P(A;):<::P{AJ 
thatis~~~-

Therefore, (F, ~) is a totally ordered set, hence F is an 
inductive ordered set. 

Property 2: There exists a maximum element and 
minimum element in F with the fuzzy order~-

Proof Since F is an inductive ordered set, by Property 1, 
there exists a maximum element. In order to show that 
there is a minimum element in F, let F' ={- A; I A; eF } . By 
Property 1 again, there exists a maximwn element in F' i.e. 
there exists a minimum element in F. 
From the previous properties, we can rank the elements of 
F with the fuzzy order ~- It is very useful in decision 
making under the vague environment. 

Due to space limitation, we only consider some recent 
ranking methods offuz.zy numbers in [I, 2, 3, 8, 11, 16, 22, 
24,25,29]. 

In 1980, Adamo and in 1989, Campos et al. discussed a 
ranking method based on the k-preference index Fk of 
fuzzy number as 

A ;S; B with level k e [0, 1] if and only if Fk(A) ;S; FJ<(B), 

where Fk(A) and Fk(B) are the k-preference indexes Fk of A 
and B by formula (4) respectively. 

In 1981, Yager proposed a ranking function by using index 
of fuzzy number as 

A ;S; B if and only if I( A) $ I(B), 

where I( A) and I(B) are the indexes of A and B by formula 
(5) or (6). 

In 1985, Chen presented total utility value by using 
maximizing set and minimizing set to rank fuzzy number. 
The maximizing set and minimizing set of generalized 
fuzzy number B;=( Ci, a;, b;, d;; wJ, i= 1, 2, · · · , n are defmed 
as M={(x, PM(x))lxeR} and G={(x, JJo(x))lxeR} with the 
membership function respectively 

Volume 6, No.4 

221 

{ 

(x-x \ 
W maxi ' Xmin ~X~~ 

J.lo(X) = {"mm -XmmJ 
0, otherwise, 

where w =min{w;, i=I, 2, ···, n}, S;= {x I JlBi(x) > 0 }, S = 
uS;, and x...a,.= sup S, xmin = inf S. 

Then, the right utility UM(BJ and the left utility Ua(B;) of 
each fuzzy rating B; are defined by 

UM(BJ = sup ( JlBi (x) A f.lM(x) ) and 

Ua(B;) = sup ( JlB; (x) A J..LG(x) ). 

And the total utility value ofB; is 
UT(B;) = ( UM(B;) + w- Ua(B;)) /2 

= WjW/2((di -Xmin)/( Wj(Xmax""Xmin) 
-w( bi- di))+ 11 Wi- (xlll8J(" ci)/ 
( Wi(Xmax-Xmin)+W( 3i- Ci))], 
i=l, 2, ···, n. 

His ranking rules are 
(1) ~is greater than Bj, denote B; >B_;, 
if and only if, UT(B;) > U'!{B;) or 
Uy(BJ = Uy(Bj) but llsi > llaj, 

(2) ~ is equal to B;, denote Bi = Bi, 

if and only if, Uy(BJ = U'!{B;) and a;= a;. 
In 1988, Lee et al. proposed the ordering rule of fuzzy 
nwnbers determined based on both the mean and 
dispersion of fuzzy number for the uniform or the 
proportional distributions as follows. 

(i) if111u(A) < mu(B) or ifmu(A) = mu(B) and 

Gu(A) > Gu(B), then A< B, 

(ii) if lllp(A) < mp(B) or if mp(A) = mp(B) and 

Gp(A) > Gp(B), then A< B, 

In 1989, Buckley introduced a ranking rule by using the 
interval of a-cuts of fuzzy number as 

A> B if and only if Bt. («I > bi"1, 

where A"=['Bt.<a>_ IIR<">:J and B" =[bL<al, ~<«>:J are two 
intervals of a-cuts of A and B, respectively. 

In 1992, Liou et al. proposed a ranking function using total 
integral values of fuzzy number as follows. 
(i) ifh"(A) < ha(B), then A< B, 
(ii) ifiTa(A) = IT"(B), then A= B, 
(iii) if ha( A) > h "(B), then A> B, 

where ha(A) and ha(B) are the total integral values of 
a-cuts of A and B by formula (12), respectively. 

In 1997, Heilpern discussed the definition of ordering 
fuzzy number induced by a distance measure d and the 
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upper horizon H as 

A:SH B <=> d(A, H)~ d{B, H), 
where d(A, H) and d(B, H) is the distance between A and 
H, and between B and H by using the rear formulae {16), 
or ( 11), or ( 18) respectively. 

In 1998, Cheng proposed a ranking function by the 
distance index R based on the distance of original point 
and the centroid point (Xo, y0) of generalized fuzzy number 
A as 

where 

Xo= ( J 
0

8 

xfL(x)dx +Jab xdx + J: x tR(x)dx ) 

I ( J ~ g1(y)dy + J ~ gR(y)dy ), 

where gL(y) and gR(y) are the inverse functions of fL(x) 

and tR(x), respectively . 

In the following using some fuzzy numbers in table 11, we 
compare our graded mean integration representation 
ranking method with other methods such as the method of 
both Adamo and Campos et al. under k=0.5, Yager's center 
gravity method and mean method, Chen's total utility 
value method, the method of Lee et al., mean and 
dispersion method of Lee and Li, Buckley's ranking 
method, the method ofLiou et al. under a=0.3, a=0.5, and 
a=0.9, Heilpem's method under a horizon H={7, 8, 9, 10), 
and Cheng's method. We summarize the ranking results in 
Table IV. 

From Table IV and referring to Figure 2, we find some 
drawbacks of the other methods as follows. 
1. The method of Adamo and Campos et al., Yager's center 

gravity method, Lee and Li's method, Buckley's method, 
and Heilpem's method cannot rank generalized fuzzy 
number with case of O<w<1. But our graded mean 
integration representation ranking method can order 
those, such as the order ofl and J. 

2 .. Buckley's method cannot rank the order ofE, F, and G 
But our ranking method shows that F > G > E. 

3. The method of both Adamo and Campos et al. with 
k-=0.5 shows that F = G Because their method only 
considered the right-shape of membership function of 
fuzzy number, and does not consider the difference of 
the left-shape of membership function of fuzzy number, 
therefore the representation values of triangular fuzzy 
number F and G are equal. But our ranking method 
shows that F > G 
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4. The method of Liou et al. with a=0.3 shows that F > E 
> G, with a=0.5 shows that F > G > E, these show that 
the order depends on the value of a . 

5. Suppose the maximizing set, M, and minimizing set, G, 
of all fuzzy mnnbers in Table 11. When we add another 
fuzzy number with support out the range of support of 
M, or G, then the new maximizing set and minimizing 
set may be changed. Therefore the total utility value of 
fuzzy number will be changed too, hence the ranking 
results of Chen's method may be infested. However, 
our new method does not change the order of the fuzzy 
number when we add or reduce some fuzzy numbers. 

6. Cheng's method shows that C < K. it is wrong, because 
his method did not consider the difference of negative 
fuzzy number and positive fuzzy number. In addition, 
Cheng's method cannot rank the special type of fuzzy 
number (r, r, r, r) or (r, r, r), because his method cannot 
find out Xo of the centroid point (Xo, y0) of fuzzy number 
(r, r, r, r) or (r, r, r). Yager's center gravity method, and 
Lee et al's method also cannot rank fuzzy number {r, r, r, 
r) or (r, r, r), because the denominator is zero. But our 
graded mean integration representation ranking method 
can rank fuzzy number {r, r, r, r), and can meet the 
classical rank meaning. 

4. Distance of L-R wP.e 
numbers with gradetl 
integration represenlation 

fuzzy 
mean 

In order to improve the drawback of the distance measure 
of generalized L-R type fuzzy nwnber, we propose a new 
distance measure of two generalized L-R type fuzzy 
numbers by using graded mean integration representation. 

Definition 4: Suppose A and B are two generalized L-R 
type fuzzy numbers, then the distance between A and B is 
d(A, B)= I P(A)- P(B) I, 
where P(A) and P(B) are the graded mean integration 
representations of A and B, respectively. We ca11 d(A, B) 
as graded mean integration representation distance. 

Property 3: Let A, B, and C be the generalized L-R type 
fuzzy numbers, then graded mean integration 
representation distance satisfies the following relations 

(i) d(A, A)= 0, 
(ii) d(A, B)= d(B, A), 
(iii) if A :5 B :5 C, then d(A, B) :5 d(A, C) 

and d(B, C) .:5 d(A, C), 
(iv) d(A, B) .:5 d(A, C)+ d{C, B). 

Proof. By definition 4, it is easy to check that (i) , (ii), (iii) 
and (iv) are true. 

Now, we study some different distance methods of fuzzy 
numbers in [16, 21] as follows. 

In 1991, Kaufmann et al. have discussed a distance 
measure of fuzzy numbers as 
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d(A, B)= I: (j~(u) - i>J.5"ll + l~(a) -~(a.)l) da, (15) 

where [!IL<a>, ~<all and [br.<a.J, ~<a.1 are the closed intervals 
of a-cuts of fuzzy numbers A and B, respectively. 

In 1997, Heilpern defmed three distance as follows. 
First, the mean distance is 
o(A, B) = I EV(A) - EV(B) j, (16) 
where EV(A) and EV(B) are the expected values of fuzzy 
numbers A and B respectively. 
Second, the distance generated by a Minkowski distance is 

d(A, B) = I: dp(~, 8J db, (17) 

where ~=[~<h>,8R<b1 and ~=[br.<h>, ~(b1 are the closed 
intervals ofh-level of fuzzy numbers A and B respectively, 
and 
dp(~, Bb)= 

f<o.~ '\(h) -ll(h) lP +I ~(h) -~QI) IIJ1": l~p<11i 
1max {I f{(hJ -q_fhJ I· lt{(hJ -4(hJ I }, p=oo. 
Third, the geometrical distance between two trapezoidal 
fuzzy numbers is 
Bp(C, D)= 

{

0.25('t.lci- dr )11 
p for 1 ~ p < oo, 

(18) 

m~x <lci - d1l) for p = oo, 
r 

where C = (c" <>.!, C), c.) and D = (d~o d2. ~. dt) are two 
trapezoidal fuzzy numbers. 

We compare our graded mean integration representation 
distance with Kaufinann's distance, and with Heilpern's 
three distance (mean distance, distance under p=1, and 
geometrical distance under p=2) by using some trapezoidal 
fuzzy numbers, or triangular fuzzy numbers listed in Table 
11. The results are summarized in Table V. 

In general, real number r can be considered as the special 
case of trapezoidal fuzzy number (r, r, r, r). 
Consequentially, fuzzy numbers D and E can be 
considered as the real numbers 5 and 6. From Table V, 
we can see that the d(D, E) of both the Heilpern's 
geometrical distance with p=2 (d(D, E)=0.5) and 
Kaufinann's distance (d(D, E)=2) cannot meet the classical 
distance ( 15 - 61 =1), but our graded mean integration 
representation distance of D and E is d(D, E)=l. In 
addition, the Heilpem's mean distance and Kaufinann's 
method did not consider generalized L-R type fuzzy 
number with O<w<l. However, our graded mean 
integration representation distance method not only can 
calculate the distance between two normal L-R type 
fuzzy numbers, between a normal L-R type fuzzy number 
and a generalized L-R type fuzzy number, and between 
two generalized L-R type fuzzy numbers, but also can 
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meet the classical distance meaning of real numbers. 

5. Similarity of L-R type fuzzy 
numbers with graded mean 
integration representation distance 
A new similarity between any two generalized L-R type 
fuzzy numbers based on the function of the graded mean 
integration representation distance is introduced as below. 

Dermition 5: Suppose A;= (an, au, l!B, a;4; w;)m i=l, 
2, .. ·, n are n generalized L-R type fuzzy numbers. Then 
the similarity between A; and Aj is 

1 
S(A;, A;)= 1 +d(A; ,A;) ' 

where d(A;, A;) is the graded mean integration 
representation distance of A; and A; respectively. We call 
S(A;, Aj) as graded mean integration representation 
similarity. 

Remark 4: S(A;, A;) can also be defined as 

Remark 5: We can easy find that when the graded mean 
integration representation distance of A and B is large 
(small), then the graded mean integration representation 
similarity of A and B is small (large). 

Property 4: S(A;, A;), i, j=1, 2, ... , n satisfY the following 
relations 

(i) o :S S(A;, A;) :S 1, 
(ii) S(A;, A;)= 1, 
(iii) S(Ah A;) = S(A;, AJ, 
(iv) If A; :SA; :S ~. then S(A;, A;)~ S(A;, _A0 

and S(Aj, _80 ~ S(A;, At). 

Proof. It is easy to see that S(A;, ~)satisfies the property 
(i), (ii), and (iii) by Definition 4 and Property 3. 
To prove (iv), by the (iii) of Property 3, 

if A; :S Aj :S ~ then d(A;, A;) :S d(~ _A0 

and d(A;, ~) :S d(A;, AJ. 
Thus, 

S(A;, ~) = ----
1+d(A;,Aj) 

1 

=S(A;,AJ. 

:. S(A;, A;)~ S(A;, AJ. 

Similarly, we can prove that 

S(A;, AJ ~ S(A.;, AJ. 
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For example, A, B, and C are three trapezoidal fuzzy 
numbers in Table 11. Then the graded mean integration 
representation similarity of both A and B, and A and C are 

S( A B) - 1 0 1765 '"" 1+d(A.B) = . ' 

S(A C)- 1 =0.2. 
'"" 1+d(A.C) 

Therefore, C is more similar to A than B. 

6. Application 

In order to simplify the treatment of the fuzzy inventory 

models, we introduce the following variables: 

D: yearly demand, Q: order quantity, E : fuzzy order cost 

(dollars/order), A : fuzzy inventory cost (dolJarslitem 

year). 

Here, we use graded mean integration representation 

method to represent fuzzy total cost, and use Extension 

Principle (or Function Principle) as the fuzzy arithmetical 

operations of fuzzy total cost. Then the fuzzy total cost · 

of the fuzzy inventory model is 

c = E ®D/Q$ A ®D/2, (19) 

where ® and 9 are fuzzy multiplication and addition 
operations with Extension Principle (or Function Principle), 
respectively. _ 
Now, suppose fuzzy inventory cost A= (a~. !l;!, 113, a.), 
fuzzy order cost E = (eh ~. ~. e4) , and fuzzy total cost 
C = (ch c.z, c3, c4) are non-negative trapezoidal fuzzy 
numbers. Then we solve the optimal economic order 
quantity offormula (19) as follo":'s. 

By Extension Principle (or Function Principle), we get 

c = E ®D/Qffi A ®Q/2 

e1D Qa1 e2D Qa2 e3D 
=(Q+2'Q+-2-,Q+ 

Qa3 e4 D Qa4 
2'Q+-2-). 

Then, the graded mean integration representation of C is 

C
- 1 e1D Qa1 2e2D 2Qa2 P( )=- (--+-- +--+--+ 

6 Q 2 Q 2 
2e3D 2Qa 3 e4 D Qa 4 --+--+--+--). 

Q 2 Q 2 
In order to find the minimization of P( C ), the derivative 
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ofP( C) with Q is 

8P(C) = _!. (- e1D +~- 2e2D +!i;!-
oQ 6 Q2 2 Q2 

2e3D e4D a4 --+ 113 - --+-) Q2 Q2 2 . 

Let 0 :~) = 0, it becomes 

1 1 
--2 ( etD+ 2e2D+ 2e3D+ e.J)) +- (a1+ 

Q 2 
2a2+ 2a3+ ~) = 0. 
Hence, the optimal economic order quantity is 

When costs are all real numbers, that is a1=a2=8:J=a..=A. 
and e1=ez~=e4=E, then 

Q* = ~2~D . 

7. Conclusion 
Here, we have already stress out that our graded mean 
integration representation uses "grade" to represent the 
importance of each point of support set of generalized L-R 
type fuzzy number. Some important properties of ranking, 
distance, similarity of generalized L-R type fuzzy number 
are proven. Comparison our new representation method, 
ranking method, and distance method with several existing 
methods shows that our new methods have relieved some 
drawbacks of the existing methods. Moreover, our 
representation, ranking, distance, and similarity methods 
not on1y treat n trapezoidal fuzzy numbers, but also do not 
change the results of representation, ranking, distance, 
similarity values after addition/deletion of a trapezoidal 
fuzzy number into (from) the original trapezoidal fuzzy 
numbers group. 
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A 

0 c L 1(h) a (L-1(h)+R-1(h))/2 b R-1(h) d x 
Fig 1 The graded mean h-level value of generalized fuzzy number A= (c, a, b, d; wh. 

-5 ~ ~ ~ -1 1 2 3 4 5 6 7 8 9 10 11 12 

Fig. 2 The membership functions of generalized fuzzy numbers in Table 11. 

Generalized Generalized Triangular Trapezoidal fuzzy triangular trapezoidal Representation method fuzzy number number (c, a, b, d) fuzzy fuzzy number (c, a, d) number 
(c a, d· w) (c, a, b, d; w) 

Graded mean integration (c+2a+2b+d) representation of Chen and (c+4a+ d)/6 (c+2a+-2b+ d) /6 (c+4a+ d)/6 
Hsieh (formula (2)and_i3)) 16 

The method of both Adamo 
and Campos et al. (formula ka+(I-k)d kb+(l-k)d • * 
l(4)) 
Yager's center of gravity with (c+a+d)/3 (b2+bd+d2-a2-ac-c1 • * lg(x)=x (formula (5)) /(3(b+d-c-a) 1 
Yager's mean with a.nax (c+2a+ d)/4 (c+a+b+d)/4 w (c+2a+ d) w(c+a+b+d)/ 
!(formula (6)) /4 4 
The method of both Kaufinann (c+2a+ d)/4 (c+a+b+d)/4 • • et al. and Chen (formula (7)) 

m..=(b2+bd+d2 -a2 -ac-CZ 
The method of Lee et al. m..=(c+a+d)/3; )/[3(b+d-c-a) ]; 

* * (formula (8), (10)) mp=(c+2a+ d)/4 ~np=(3b2+2bd+d2-3a2-2 
ac-c2)/[ 4(2b+d-c-2a)] 

The method of Liou et al. [a.d +a+(l-a.)c] [a.(b+d)+(l-a.)( c+a)]/ [a.d+a+(l-a.) [ a.(b+d)+( 1-
[(formula (1 2)) /2 2 cl I 2 a.)( c+a)1/2 
Heilpem's expected value (c+Za+- d)/4 (c+a+b+d)/4 * * [(formula (13)) 
The value method ofDelgado (b+a)/2+[ (d-b )-(a-c)] et al. with s(a.)=a. (formula (c+4a+ d)/6 • • 
(14)) /6 

Note:"*" means that the method does not consider generalized fuzzy number with O<w< l. 

Table I The formulae of representation of fuzzy number. 
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Table 11 Example of generalized fuzzy numbers. 

Representing method 
Reoresentation of fuzz number 

A B c D E F G I J K 
Graded mean integration 
representation of Chen and 7.333 2.667 3.333 5 6 7 6.667 10.5 10.5 -3.667 
Hsieh 
The method of both Adamo 9 5.5 4.5 5 6 8 8 11.5 * -2.5 
and Campos et al. with k=O. 5 
Y~er's center of gravity 6.296 3.704 3.2 # # 7 6.333 10.5 * -3.333 
Yager's mean with a..- 6.75 3.25 3.25 5 6 7 6.5 10.5 9.45 -3.5 
The methods of both Chen 6.15 3.25 3.25 5 6 7 6.5 10.5 * -3.5 
and Kaufmann et al. 
The method of Lee et al. m,= 6.296 3.704 3.2 # # 7 6.333 10.5 • -3.333 

m,= 6.925 3.075 3.292 # # 7 6.5 10.5 * -3.5 
The method of Liou et al. 5.85 2.35 2.75 5 6 6.6 5.9 10.1 10.1 -3.9 
witha.=0.3 
The method of Liou et al. 6.75 3.25 3.25 5 6 7 6.5 10.5 10.5 -3.5 
with a.==0.5 
The method of Liou et al. 8.55 5.05 4.25 5 6 7.8 1.1 11.3 11.3 -2.7 
with a.=0.9 
Heilpern's expected value 6.75 3.25 3.25 5 6 7 6.5 10.5 • -3.5 
The value method of 7.333 2.667 3.333 5 6 7 6.667 10.5 • -3.667 
Del~ado et al. with s(a.)==a. 

Note: "*" means that the method does not cons1der generalized fuzzy number with case ofO<w<l. 
"#"means that the denominator of formula (5), (8), and (10) become zero 

Table m Comparison of some representation methods. 
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Ranking method The order of A, B, The order ofE, F, The order of A The order The order 
andC andG andF ofl and J ofC and K 

The graded mean 
integration A>C>B F > G>E A>F I=J C>K representation of Chen 
and Hsieh 
The method of both 
Adamo and Campos et A>B>C F=G>E A>F • C>K 
al. with k.=0.5 
Yager's center gravity A>B>C I1(E)=# A<F • C>K impliesF > G 
Yager's mean A>B=C F>G>E A<F I>J C>K 

th(A) = 0.608, IJ,{E)=0.582, Ul{A)=0.608, 
Ul{I)=0.802, 

Ul{C)=0.438 
Chen's total utility Ul{B)=0.429, and U,(F)=0.618, and Ul{F)=0.618 U,(K)=O.l14 
value Ul{C)=0.438 implies Ul{G )=0.589 implies implies Ul{J)=0.8, implies 

A>C>B F>G > E A<F implies I> J C>K 
The method of Lee et A>B>C m.. (E)=# A<F • C>K al. with m.. impliesF > G 
The method of Lee et A>C>B Inp(E)=# A<F • C>K 
al. with mp impliesF> G 

A"=[7.3, 9], B"=[l, 
E"=[6, 6], F"=[6.8, 7.2], A"=[7.3, 9], 

c "=[2.8, 4.1] 
Buckley's method 2.11 and c" =£2.&, 4. IJ 

and o"=£6.6, 7.2],tberefore F"=£6.8, 7.2] • K"=[-4.1,-2.8] 
witha=0.9 implies implies 

A>C>B those can not rank. implies A>F C>K 
The method of Liou et A>C>B F>E>G A<F I=J C>K al. with a=0.3 
The method of Liou et A>B = C F>G>E A<F I = J C>K al. with a=0.5 
The method of Liou et A>B>C F>G>E A>F l=J C>K al. with a=O. 9 

<J(A, H)=1.75, <J(B, H) 
<J(E, H)=2.5, a(F, H)=l .5, <J(A,H)= I. 75, 

<J(C,H)=5.25 
Heilpern's method by = 5.25 , and <J(C, H) 

and <J(G, H)=2 implies <J(F ,H)=l.5, • <J(K,H) =12 
mean distance =5.25 implies F>G>E implies A< F implies 

A>B=C C>K 
Heilpern's method by d1(A,H)=l.75, d,(E,H)=2.5, 

d,(A,H)= I. 75, 
d1(C,H)=5.25 

distance measure with d1(B,H)=5.25, and d1(F,H)=l.5, and 
d1(F ,H)= 1.5 • d1(K,H)=ll.5 

p=I d1(C,H)=5.25 implies d1(G,H)=2 implies implies A< F implies 
A>B=C F>G>E C>K 

Heilpern's method by &z(A,H)= 1.52, &z(E,H)=l.37, 
&z(A,H)=l.52, 

8:z(C,H)=2.63 
geometrical distance 8:z(B,H)=2.91 , and &z(F,H)=0.79, and 

8:z (F,H)=O. 79 • 8:z(K,H)=5. 8 
withp=2 llz(C,H)=2.63 implies &z( G,H)= 1.17 implies implies A< F implies 

A>B>C F>G>E C>K 
R(A) = 6.320, R(E)=#, 

R(A) = 6.320, R(I)=I0.513, R(C)=3.26, 
Cheng's method by R(B)=3.871, lllld R(F) = 7.025, and 

R(F)= 7.025 R(J)=8.514, 
R(K)=3.342 

distance index R(C)=3.26 implies R(G)=6.363 implies implies 
A>B>C F>G implies A<F implies I> J C<K 

Note:"*" means that the ranking method can not rank generalized fuzzy number with case ofO<w<l. 
"#" means that the representation value does not exist. 

Table IV Comparison of some ranking methods. 
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Distance measure method d(D, E) d(A, B) d(A, C) d{E, F) d(qF) D(K,J) 
Graded mean integration representation distance I 4.667 4 1 0.333 14.167 of Chen and Hsieh (Defmition 5) 
Kaufmann's method (formula (19)) 2 7 7 2.5 1 * 
Heilpern's mean (formula (20)) 1 3.5 3.5 1 0.5 * 
Heilpern's distance with p=l (formula (21)) 1 3.5 3.5 1.25 0.5 * 
Heilpem's geometrical with p=2 (formula (22)) 0.5 2.475 2.031 0.866 0.5 * 

Note: "*" means that the method does not consider generalized fuzzy numbers with case of O<w<l. 
Table V Comparisons of some distance methods 

Volume 6, No.4 Australian Journal of Intelligent Processing Systems 




